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The aim of this study is to investigate the associated curves of the normal indicatrix of a non-null curve in Lorentz 3-space. To 

achieve this goal, firstly, the vectors used in the Frenet elements of the normal indicatrix is utilized to create version of the 

Bishop frame by taking advantage of the rotations around them. The relationships between the elements of the obtained frames 

and the associated curves of the normal indicatrix is examined. Additionally, the similarities of these associated curves to the 

evolute, Mannheim, and Bertrand curve pairs, which are commonly encountered in differential geometry, are studied. 
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I. INTRODUCTION 
 

In theoretical physics, the Lorentz space has different properties compared to Euclidean space. The most important 

of these differences is that while there are only spacelike dimensions in Euclidean space, the Lorentz space has a 

timelike dimension. Considering these differences, the differential geometry of curves in the Lorentz space 

contains more general and striking results compared to Euclidean space. One of the most natural methods when 

comparing two curves is to use Frenet elements at the corresponding points. Curves with the same properties at 

corresponding points are called associated curves or curve pairs. Examining the geometric relationship between 

two curves is extremely important. In this way, it is possible to learn about one curve by starting from the properties 

of the other. The most associated curve pairs are involute-evolute curves, Mannheim curves, and Bertrand curves. 

These curve pairs have a wide range of applications from physics to kinematics. 

    Many studies have been done on curves and their characterizations. The relationships between the curves and 

associated curves have been examined using Frenet frame fields. Later, these relationships were studied in fields 

such as Lorentz space, Galilean space and dual space, which have different properties than Euclidean space. The 

results obtained also receive interest in surface and manifold theories. The curve pairs that have been most studied 

on geometry are involute-evolute curves, Bertrand curves and Mannheim curves. Involute-evolute curve pairs 

discovered by C. Huggens are defined as curves that have normal vectors perpendicular to the tangent vectors at 

every point (Hacısalihoğlu, 1983). Frenet frame fields and some important relations have been obtained in 

Euclidean 3-space and higher dimensional spaces for this curve pair. For example, Turgut and Erdogan (1992) 

studied the curvature theory of involute-evolute curve pairs in n-dimensional Euclidean space and gave important 

results related to horizontal lifts. Studies on involute-evolute curves are not limited to Euclidean space. There are 

studies in which the counterpart of the results obtained in Euclidean space is investigated in Lorentz space (Bilici 

and Çalışkan, 2009). 

    Bertrand curves were first defined by Bertrand Russell in 1850 as curves with parallel principal normals. These 

curves, which have many application areas, have been studied using different structures to determine their 

geometric properties and many characterizations have been obtained (Izumiya and Takeuchi, 2002; Matsuda and 

Yorozu, 2003; Cheng 2009; Babaarslan and Yaylı, 2013). If the principal normal vector field of one curve is equal 

to the binormal vector field of the other curve at corresponding points, these curves are called Mannheim curve 

pairs. Many research articles have been written on these curves (Liu, 2008, Ozkaldı et al., 2009, Lone et al., 2019). 

On the other hand, in 1975 Bishop introduced the Bishop frame or parallel frame field as an alternative to the 
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Frenet frame field (Bishop, 1975). This frame field is used as an alternative frame in cases where the Frenet frame 

is not defined, that is, when the second derivative of the curve is zero. Important expansions of the curvature theory 

obtained with the Frenet frame were re-examined and geometric interpretations were developed with the help of 

the Bishop frame. In addition, structures called Bishop-type frames were created by using the method of obtaining 

this frame field. These structures were later carried to many different geometric structures, especially Lorentz 

space (Bükcü and Karacan, 2008; Grbovic and Nesovic, 2018; Turhan, 2020; Yılmaz, 2021). 

   

II. MATERIALS AND METHOD  

This section recalls some fundamental formulas and notions for later use. Lorentz 3-space is an important area of 

study for those involved in theoretical physics and mathematics. Elements in Lorentz space are grouped into three 

categories: spacelike, timelike, and lightlike. Lorentz 3-space is a 3-dimensional space with a specific geometric 

structure defined by the Lorentz metric, which is different from the Euclidean metric. We denote by E1
3 Lorentz 3-

space with the scalar product 

< u, v >   =   − u1v1 + u2v2 + u3v3 

and the vector product 

u × v = (− |
u2 u3

v2 v3
| , |

u3 u1

v3 v1
| , |

u1 u2

v1 v2
|), 

where u = (u1, u2, u3),  v = (v1, v2, v3) are two vectors of E1
3.  

The vector v ∈ E1
3 is said to be spacelike, lightlike or timelike whenever 〈v, v〉 > 0 or v = 0 ,  〈v, v〉 = 0 and v ≠

0 and 〈v, v〉 < 0, respectively. Similarly, an arbitrary curve γ = γ(s) can be spacelike, lightlike or timelike, if all 

of its velocity vectors γ′(s) are, respectively, spacelike, lightlike or timelike, [16, 20].  

Let γ(s) be an arbitrary spacelike curve and {t, n, b} is the Frenet frame along the γ(s) in E1
3. The Frenet frame for 

this curve is given as 

[
t′
n′
b′

] = [ϵ
0 κ 0
κ 0 τ
0 τ 0

] [
t
n
b

], 

where ϵ = ±1 and the functions κ, τ are curvature and torsion of the γ(s), respectively, [12]. If ϵ = 1, then γ(s) 

is a spacelike curve with timelike principal normal and spacelike binormal. Also, if ϵ = −1, then γ(s) is a spacelike 

curve with spacelike principal normal and timelike binormal. 

Definition 2.1. Let α and β be two regular curves in Lorentz 3-space, with the Frenet frame {tα, nα, bα} and 

{tβ, nβ, bβ}, respectively.  

i. β is known the evolute curve of α if and only if nβ = tα. 

ii. β is known the Bertrand mate curve of α if and only if nβ = nα. 

iii. β is known the Mannheim curve of α if and only if nβ = bα, [5,15]. 

Definition 2.2. Let γ be a spacelike curve in the Lorentz 3-space. If we translate of the principal normal vector 

field to the center of unit pseudo-sphere  S1
2, we obtain a pseudo-spherical curve γn(sn) = n(s). This curve is 

called normal indicatrix of the curve γ = γ(s). 

 

III.  DIRECTION CURVES OF NORMAL INDICATRIX OF SPACELIKE CURVES WITH 

TIMELIKE PRINCIPAL NORMAL  
Let γ = γ(s) be a spacelike curve with timelike principal normal in Lorentz 3-space with Frenet frame {t, n, b} 

and γn = γn(sn) be its normal indicatrix with {tn, nn, bn}. For the normal indicatrix γn, consider a vector field 

X(sn) = f(sn)tn(sn) + g(sn)nn(sn) + h(sn)bn(sn)                                      (1) 
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where sn is arc-length parameter of γn and f, g, h are real functions. We take into consideration only a unit spacelike 

vector field X for our calculations, so we obtain: 

f 2(sn) − g2(sn) + h2(sn) = 1.                                                      (2) 

If we get differentiation of (2), we have 

f(sn)f′(sn) − g(sn)g′(sn) + h(sn)h′(sn) = 0. 

So, the definition of X-direction curve of the spacelike normal indicatrix 𝛾𝑛 of a curve 𝛾 is given as follows: 

Definition 3.1. Let 𝛾 be a spacelike curve with timelike principal normal in the Lorentzian 3-space, 𝛾𝑛 be the 

normal indicatrix of a curve 𝛾 and X be the unit spacelike vector field satisfies equations (1) and (2). The integral 

curve of X is called X-direction curve of 𝛾𝑛, [15, 19]. 

Let 𝛽 = 𝛽(𝑠) be a X-direction curve of 𝛾𝑛 with Frenet apparatus {𝑡𝛽 , 𝑛𝛽 , 𝑏𝛽 , 𝜅𝛽 , 𝜏𝛽}. Then, from above 

definition, we get 

𝑑𝛽

𝑑𝑠𝑛

= 𝑋(𝑠𝑛) 

or 

𝑑𝛽

𝑑𝑠𝛽

𝑑𝑠𝛽

𝑑𝑠𝑛

= 𝑋(𝑠𝑛), 

where 𝑠𝛽 is the arc-length parameter of 𝛽. 

Now, we assume that 𝑠𝛽 = 𝑠𝑛. Then, by differentiating (1) and use definition of X-direction curve, we obtain the 

following equation 

𝜅𝛾𝑛𝛾 = (𝑓′ + 𝑦𝜅𝑛)𝑡𝑛 + (𝑔′ + 𝑓𝜅𝑛 + ℎ𝜏𝑛)𝑛𝑛 + (ℎ′ + 𝑔𝜏𝑛)𝑏𝑛 .                          (3) 

By using (3), we obtain and present new direction curves such as evolute-direction curves, Bertrand-direction 

curves and Mannheim-direction curves of the normal indicatrix 𝛾𝑛. Also, we get some properties related with these 

curves. 

 

Definition 3.2.  Let 𝛾 be a spacelike curve with timelike principal normal in the Lorentzian 3-space, 𝛾𝑛 be the 

normal indicatrix of a curve 𝛾 with respect to Frenet apparatus {𝑡𝑛, 𝑛𝑛, 𝑏𝑛 , 𝜅𝑛, 𝜏𝑛}. If we rotate the Frenet frame 

around the 𝑡𝑛(𝑠𝑛)-axis up to 𝜙(𝑠𝑛), we obtain the frame {𝑡𝑛, (𝑚1)𝑛, (𝑚2)𝑛} as follows; 

[

𝑡𝑛

𝑛𝑛

𝑏𝑛

] = [

1 0 0
0 𝑐𝑜𝑠ℎ𝜙(𝑠𝑛) −𝑠𝑖𝑛ℎ𝜙(𝑠𝑛)

0 −𝑠𝑖𝑛ℎ𝜙(𝑠𝑛 𝑐𝑜𝑠ℎ𝜙(𝑠𝑛)
] [

𝑡𝑛

(𝑚1)𝑛

(𝑚2)𝑛

].                                     (4) 

This frame is known as the type-1 of Bishop frame of normal indicatrix 𝛾𝑛, [19]. 

    In the following theorem, we give characterization of the X-direction curves of the normal indicatrix 𝛾𝑛 of 𝛾 

which are evolute of 𝛾𝑛, [19]. 

 

Teorem 3.1. Let 𝛾 be a spacelike curve with timelike principal normal, 𝛾𝑛 be normal indicatrix of 𝛾 with respect 

to {𝑡𝑛, 𝑛𝑛, 𝑏𝑛, 𝜅𝑛 , 𝜏𝑛} and 𝛽 be X-direction curve of 𝛾𝑛. If we rotate the Frenet frame in 𝐸1
3 around the 𝑡𝑛-axis up 

to 𝜙(𝑠𝑛) = − ∫ 𝜏𝑛(𝑠𝑛)𝑑𝑠𝑛𝛾𝑛
, element of version of the type-1 Bishop frame (𝑚2)𝑛 is the evolute curves of 𝛾𝑛. 

Definition 3.3.  Let 𝛾 be a spacelike curve with timelike principal normal in the Lorentzian 3-space, 𝛾𝑛 be the 

normal indicatrix of a curve 𝛾 with respect to Frenet apparatus {𝑡𝑛(𝑠𝑛), 𝑛𝑛(𝑠𝑛), 𝑏𝑛(𝑠𝑛)}. If we rotate the Frenet 

frame around the 𝑛𝑛(𝑠𝑛)-axis up to 𝜙(𝑠𝑛), we obtain the frame {(𝑙1)𝑛(𝑠𝑛), 𝑛𝑛(𝑠𝑛), (𝑙2)𝑛(𝑠𝑛)} as follows; 

[

𝑡𝑛(𝑠𝑛)

𝑛𝑛(𝑠𝑛)

𝑏𝑛(𝑠𝑛)
] = [

𝑐𝑜𝑠𝜙(𝑠𝑛) 0 𝑠𝑖𝑛𝜙(𝑠𝑛)
0 1 0

−𝑠𝑖𝑛𝜙(𝑠𝑛) 0 𝑐𝑜𝑠𝜙(𝑠𝑛)
] [

(𝑙1)𝑛(𝑠𝑛)

𝑛𝑛(𝑠𝑛)

(𝑙2)𝑛(𝑠𝑛)
]                                     (5) 
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This frame is known as the type-2 of Bishop frame of normal indicatrix 𝛾𝑛. 

Now, in the following theorem, we present a characterization of the X-direction curves of 𝛾𝑛 which are Bertrand 

of 𝛾𝑛. Then, we give some relations between these curves. 

Teorem 3.2. Let 𝛾 be a spacelike curve with timelike principal normal, 𝛾𝑛 be normal indicatrix of 𝛾 with respect 

to {𝑡𝑛, 𝑛𝑛, 𝑏𝑛 , 𝜅𝑛, 𝜏𝑛} and 𝛽 be X-direction curve of 𝛾𝑛. If we rotate the Frenet frame around the 𝑛𝑛-axis up to 

𝛷(𝑠𝑛) = −𝜙 constant angle, elements of the type-2 of Bishop frame (𝑙1)𝑛 and (𝑙2)𝑛  are the Bertrand curves of 

𝛾𝑛. 

Proof. Let 𝛽 be X-direction curve of 𝛾𝑛 and 𝛽 be its Bertrand mate. By using (3), we get the following differential 

equations system: 

𝑓′ + 𝑔𝜅𝑛 = 0,

𝑔′ + 𝑓𝜅𝑛 + ℎ𝜏𝑛 = 𝜅𝛽,,

ℎ′ + 𝑔𝜏𝑛 = 0.

                                                              (6) 

If we multiply the first, the second and the third equation in (6) with f, 𝑔 and ℎ respectively, and make necessary 

algebraic operations, we get 𝑔 = 0. If we use the value of 𝑔 in (6), we have 𝑓 = 𝑐₁ and ℎ = 𝑐₂, where 𝑐₁, 𝑐₂ are 

real constants. Because of 𝑓² + ℎ² = 1, we obtain 

𝑓 = 𝑐𝑜𝑠𝜙, ℎ = 𝑠𝑖𝑛𝜙  veya 𝑓 = −𝑠𝑖𝑛𝜙, ℎ = 𝑐𝑜𝑠𝜙, 

where 𝜙 is a constant angle between the spacelike tangent vector of the curve 𝛾𝑛 and the spacelike tangent vector 

of the curve 𝛽. Hence, integral curves are called Bertrand curves of 𝛾𝑛 as follows 

{
𝑋1(𝑠𝑛) = 𝑐𝑜𝑠𝜙𝑡𝑛 + 𝑠𝑖𝑛𝜙𝑏𝑛,

𝑋2(𝑠𝑛) = −𝑠𝑖𝑛𝜙𝑡𝑛 + 𝑐𝑜𝑠𝜙𝑏𝑛.
                                                   (7) 

On the other hand, from (5), we have 

(𝑙1)𝑛(𝑠𝑛) = 𝑐𝑜𝑠𝜙(𝑠𝑛)𝑡𝑛 − 𝑠𝑖𝑛𝜙(𝑠𝑛)𝑏𝑛, 

(𝑙2)𝑛(𝑠𝑛) = 𝑠𝑖𝑛𝜙(𝑠𝑛)𝑡𝑛 + 𝑐𝑜𝑠𝜙(𝑠𝑛)𝑏𝑛. 

For 𝜙(𝑠𝑛) = −𝜙 constant angle, 

{
(𝑙1)𝑛(𝑠𝑛) = 𝑐𝑜𝑠𝜙𝑡𝑛 + 𝑠𝑖𝑛𝜙𝑏𝑛,

 (𝑙2)𝑛(𝑠𝑛) = −𝑠𝑖𝑛𝜙𝑡𝑛 + 𝑐𝑜𝑠𝜙𝑏𝑛.
                                        (8) 

So, from (7) and (8), we can easily say that (𝑙1)𝑛 and  (𝑙2)𝑛 curves are the Bertrand curves of 𝛾𝑛. 

Definition 3.4.  Let 𝛾 be a spacelike curve with timelike principal normal in 𝐸1
3, 𝛾𝑛 be the normal indicatrix of a 

curve 𝛾 with respect to Frenet frame {𝑡𝑛(𝑠𝑛), 𝑛𝑛(𝑠𝑛), 𝑏𝑛(𝑠𝑛)}. If we rotate the Frenet frame around the 𝑏𝑛(𝑠𝑛) -

axis up to 𝜙(𝑠𝑛), we have the frame {(𝑘1)𝑛(𝑠𝑛), (𝑘2)𝑛(𝑠𝑛), 𝑏𝑛(𝑠𝑛)} as follows; 

[

𝑡𝑛(𝑠𝑛)

𝑛𝑛(𝑠𝑛)

𝑏𝑛(𝑠𝑛)
] = [

𝑠𝑖𝑛ℎ𝜙(𝑠𝑛) 𝑐𝑜𝑠ℎ𝜙(𝑠𝑛) 0

−𝑐𝑜𝑠ℎ𝜙(𝑠𝑛) −𝑠𝑖𝑛ℎ𝜙(𝑠𝑛) 0
0 0 1

] [

(𝑘1)𝑛(𝑠𝑛)

(𝑘2)𝑛(𝑠𝑛)

𝑏𝑛(𝑠𝑛)
].                                     (9) 

This frame is known as the type-3 of Bishop frame of normal indicatrix 𝛾𝑛. 

Now, in the following theorem, we obtain a characterization of the X-direction curves of 𝛾𝑛 which are Mannheim 

of 𝛾𝑛. Then, we give some relations between these curves. 
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Teorem 3.3. Let 𝛾 be a spacelike curve with timelike principal normal, 𝛾𝑛 be normal indicatrix of 𝛾 with respect 

to {𝑡𝑛, 𝑛𝑛, 𝑏𝑛 , 𝜅𝑛, 𝜏𝑛} and 𝛽 be X-direction curve of 𝛾𝑛. If we rotate the Frenet frame around the 𝑏𝑛-axis up to 

𝛷(𝑠𝑛) = ∫ 𝜅𝑛(𝑠𝑛)𝑑𝑠𝑛𝛾𝑛
, elements of the type-3 of Bishop frame (𝑘2)𝑛 is the Mannheim curve of 𝛾𝑛. 

Proof. Let 𝛽 be X-direction curve of 𝛾𝑛 and 𝛽 be its Mannheim mate. By using (3), we get the following differential 

equations system: 

𝑓′ + 𝑔𝜅𝑛 = 0,

𝑔′ + 𝑓𝜅𝑛 + ℎ𝜏𝑛 = 0,

ℎ′ + 𝑔𝜏𝑛 = 𝜅𝛽 .
                                                              (10) 

If we multiply the first, the second and the third equation in (10) with f, 𝑔 and ℎ respectively, and make necessary 

calculations, we get ℎ = 0. If we use the value of ℎ in (10), we obtain,  

𝑓 = 𝑐𝑜𝑠ℎ𝜙(𝑠𝑛) and 𝑔 = 𝑠𝑖𝑛ℎ𝜙(𝑠𝑛).                                                         (11) 

If we use ℎ = 0 and (11) in (10), we obtain 

𝜙(𝑠𝑛) = ∫ 𝜅𝑛(𝑠𝑛)𝑑𝑠𝑛𝛾𝑛
. 

Then, the vector coordinates of 𝑋(𝑠𝑛) are written by 

ℎ(𝑠𝑛) = 0, 𝑓(𝑠𝑛) = 𝑐𝑜𝑠ℎ(∫ 𝜅𝑛(𝑠𝑛)𝑑𝑠𝑛) 𝑎𝑛𝑑 𝑔(𝑠𝑛) = 𝑠𝑖𝑛ℎ(∫ 𝜅𝑛(𝑠𝑛)𝑑𝑠𝑛). 

Hence, integral curves are called Mannheim curves of 𝛾𝑛 as follows 

𝑋(𝑠𝑛) = 𝑐𝑜𝑠ℎ(∫ 𝜅𝑛(𝑠𝑛)𝑑𝑠𝑛) 𝑡𝑛(𝑠𝑛) + 𝑠𝑖𝑛ℎ(∫ 𝜅𝑛(𝑠𝑛)𝑑𝑠𝑛)𝑛𝑛(𝑠𝑛).                             (12) 

Also, from (9), we have 

(𝑘1)𝑛(𝑠𝑛) = −𝑠𝑖𝑛ℎ𝜙(𝑠𝑛)𝑡𝑛 − 𝑐𝑜𝑠ℎ𝜙(𝑠𝑛)𝑛𝑛, 

(𝑘2)𝑛(𝑠𝑛) =  𝑐𝑜𝑠ℎ𝜙(𝑠𝑛)𝑡𝑛 + 𝑠𝑖𝑛ℎ𝜙(𝑠𝑛)𝑛𝑛. 

For 𝜙(𝑠𝑛) = ∫ 𝜅𝑛(𝑠𝑛)𝑑𝑠𝑛, we obtain, 

(𝑘2)𝑛(𝑠𝑛) = 𝑐𝑜𝑠ℎ(∫ 𝜅𝑛(𝑠𝑛)𝑑𝑠𝑛) 𝑡𝑛(𝑠𝑛) + 𝑠𝑖𝑛ℎ(∫ 𝜅𝑛(𝑠𝑛)𝑑𝑠𝑛)𝑛𝑛(𝑠𝑛).              (13) 

So, from (12) and (13), we can say that (𝑘2)𝑛(𝑠𝑛) is the Mannheim curve of 𝛾𝑛. 

Example 3.1.  Consider a spacelike curve 𝛾 

𝛾(𝑠) = (
𝑠

2
,
√3

2
𝑠𝑖𝑛ℎ𝑠,

√3

2
𝑐𝑜𝑠ℎ𝑠). 

Let 𝑛(𝑠) be the timelike principal normal vector field of 𝛾 as 

𝑛(𝑠) = (0, 𝑠𝑖𝑛ℎ𝑠, 𝑐𝑜𝑠ℎ𝑠). 

Using 𝑠 = 𝑠𝑛, the normal indicatrix of 𝛾 is given as 

𝛾𝑛(𝑠𝑛) = (0, 𝑠𝑖𝑛ℎ(𝑠𝑛) , 𝑐𝑜𝑠ℎ(𝑠𝑛)) 

If we make necessary algebraic operations, the Frenet apparatus of 𝛾𝑛(𝑠𝑛) is given as follows; 

𝑡𝑛(𝑠𝑛) = (0, 𝑐𝑜𝑠ℎ(𝑠𝑛) , 𝑠𝑖𝑛ℎ(𝑠𝑛)), 



Journal of Pharmaceutical Negative Results ¦ Volume 14 ¦ Issue 04 ¦ 2023 
359 

 

𝑛𝑛(𝑠𝑛) = (0, 𝑠𝑖𝑛ℎ (𝑠𝑛), 𝑐𝑜𝑠ℎ (𝑠𝑛)), 

𝑏𝑛(𝑠𝑛) = (1,0,0), 

 𝜅𝑛(𝑠𝑛) = 1, 

 𝜏𝑛(𝑠𝑛) = 0. 

In Fig.1 and Fig.2, the graphs of the 𝛾(𝑠) and 𝛾𝑛(𝑠𝑛) are given, respectively. 

  

Figure 1. The curve 𝛾(𝑠) Figure 2. The normal indicatrix 𝛾𝑛(𝑠𝑛) 

Let (𝑚2)𝑛, (𝑙1)𝑛  and (𝑘2)𝑛 be evolute curve, Bertrand curve and Mannheim curve of 𝛾𝑛(𝑠𝑛) of 𝛾(𝑠), 

respectively. From (4), (5) and (9), we have 

(𝑚2)𝑛 = (𝑐𝑜𝑠ℎ 𝜙, 𝑠𝑖𝑛ℎ𝜙𝑠𝑖𝑛ℎ 𝑠𝑛 ,  𝑠𝑖𝑛ℎ 𝜙 𝑐𝑜𝑠ℎ 𝑠𝑛), 

(𝑙1)𝑛 = (𝑠𝑖𝑛 𝜙, 𝑐𝑜𝑠𝜙𝑐𝑜𝑠ℎ 𝑠𝑛 ,  𝑐𝑜𝑠 𝜙 𝑠𝑖𝑛ℎ 𝑠𝑛), 

(𝑘2)𝑛 = (0, 𝑐𝑜𝑠ℎ 𝜙𝑐𝑜𝑠ℎ𝑠𝑛 + 𝑠𝑖𝑛ℎ𝜙𝑠𝑖𝑛ℎ 𝑠𝑛 , 𝑐𝑜𝑠ℎ𝜙𝑠𝑖𝑛ℎ𝑠𝑛 + 𝑠𝑖𝑛ℎ𝜙𝑐𝑜𝑠ℎ𝑠𝑛). 

On the other hand, the integral curve of the vector field (𝑚2)𝑛 is known evolute direction curve, [19]. Similarly, 

the integral curves of (𝑙1)𝑛 and (𝑘2)𝑛 are called Bertrand direction curve and Mannheim direction curve, 

respectively. These direction curves given as, 

β(m2)n = (cosh ϕsn + c1, sinh ϕcoshsn + c2, sinhϕsinh sn + c3),              

β(l1)n = (sinϕ sn + c4, cos ϕsinhsn + c5, cos ϕcoshsn + c6),                    

β(k2)n = (c7, cosh ϕsinhsn + sinhϕ cosh sn + c8, cosh ϕcoshsn              

+sinhϕsinh sn + c9).                                                                       

 

If we get ϕ =
π

3
  and ci = 1, (i = 1, … ,9)  in equations of direction curves, we have the β(m2)n, β(l1)n  and 

β(k2)n direction curves as illustrated in Fig. 3 and Fig. 4. 

 
Figure 3. Evolute/Bertrand direction curve of  𝛾𝑛(𝑠𝑛) 
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Figure 4. Mannheim direction curve of 𝛾𝑛(𝑠𝑛) 
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