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Abstract

The paper studies the issue of the law of the gene expression distribution obtained with the use of the next-generation sequencing technology
(NGS). It has been shown that gene expression has the form of a shift-scale mixture of distributions. One of the components of this mixture

is fractionally stable distribution with characteristic indicators varying within the range 0.91 < a < 1.24, 0.17 < 8 < 0.75. This
component describes the distribution of gene expression at values FPKM > 1. The use of Fisher’s goodness-of-fit test ¥*2 does not reject

the the hypothesis of fractionally stable distribution. Another component of the mixture appears at expression values FPKM < 1 and may
be associated with errors in the sequencing process using the technology of NGS.
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Similar studies were conducted in the works [2, 3, 9]. In these
works, the authors also drew the conclusion that the
distribution of gene expression was well described by the law
(1) with a power value a.€[0.86,1] in [2], «€[0.69,1.09] in [3]
and a€[0.7,1.0] in the work [9]. The work [4] is devoted to
the study of the type of distribution. The authors of this work
also came to the conclusion that the best results among all the
studied distributions were obtained by using the double
Pareto-lognormal distribution.

1. INTRODUCTION

Gene expression studies carried out over the past two
decades have shown the universal nature of these
distributions, that the distribution of gene expression levels
has a power-law character and, the Zipf-Pareto distribution
is well described at high expression levels.

p(x) « x~hx > oo, @D

This behavior is typical for the expressions of various

organisms and tissues and was obtained both when using the
DNA microarray technology [1, 2, 3, 4, 5, 6], and with the
application of next-generation sequencing (NGS)
technology [7, 8].

The studies of the results of gene expression obtained using
DNA microarrays, carried out in the work [1] for human,

Similar behavior is shown by the study of gene expression
obtained with the use of NGS. The question of the type of
statistical distribution of transcriptomic data was studied in
the paper [7]. In this work, the authors conclude that the
distribution of gene expression is described by the
distribution (1). Moreover, on different scales, different

mouse and yeast tissue samples, as well as samples of cancer power relationships are observed.

and healthy human cells showed that the best approximation
among all examined was the discrete Pareto distribution
p(m)=(m+b)"(-a-1)/z, where the value o changes in the
range from 0.974 to 1.88.
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The article [8] is devoted to the study of the relationship
between gene expression and the size of the cell population.
It shows that regardless of the size of the cell population, the
expression of all genes obeys the Pareto distribution.

Another universal property of the gene expression
distribution is that the distribution of the logarithm of gene
expression can be described by shift-scale mixtures of
normal distributions. This fact is confirmed by the results of
the works [9, 10, 11, 12]. At the same time, the number of
components in this mixture of distributions can be different.
In the work [9] it was found that the number of components
was three. In the work [11] the authors drew the conclusion
that the number of components of a mixture was two, and in
the work [10] it is shown that the number of components can
vary from 1 to 5.

The issue of the type of distribution is of interest in
connection with the need to normalize experimental data on
gene expression. The need for normalization arises due to
the fact that the initial tissue samples can be prepared under
different conditions, and the experimental data themselves
can be taken from various sources. In addition, various
errors can occur during the sequencing process. For
example, the substitution error in NGS is one of the typical
mistakes. It plays an important role in detecting low-
frequency genetic variants and can be corrected both
experimentally and through calculation [13]. In addition,
weakly expressing genes can be nullified as a result of
restrictions on the length of the sequence to be sequenced
and the level of sensitivity of the technology used.
Therefore, the use of an appropriate data normalization
method can minimize such a kind of errors and allow making
a comparison between the results of gene expression
obtained in different experiments. Using the assumption
about the power-law distribution of gene expression in the
works [14, 15] the appropriate methods of normalization
were developed.

However, the Zipf-Pareto distribution (1) is somewhat
artificial. 1t is known that the Zipf distribution, which is
discrete, appears in the problem of studying the distribution
of the frequency of words in a text. This distribution
describes the frequency of occurrence of words in the text
depending on the rank of the word. Apart from this, the
distribution (1) is not a limited distribution. In this regard, in
our opinion, the most suitable class of distributions to
describe the distribution of gene expression is the class of
fractionally stable distributions [16, 17]. The question of the
possibility of using stable and fractionally stable
distributions to describe the distribution of gene expression
obtained with the help of the DNA microarray technology
has already been studied in the works [5, 6]. Although it was
shown in these works that Fisher’s Chi-square test rejected
the the hypothesis of a stable and fractionally stable
character of experimental distributions, but the theoretical
distributions themselves well described the structure and
shape of the experimental distributions. Another fact that
testifies in favor of using fractionally stable distributions

rather than the Pareto distribution is that these distributions
are limiting distributions for the sum of random variables and
have asymptotics of the form (1) at x—oo. All this makes
distributions from this class good candidates for
approximating gene expression profiles.

However, there are several factors that make it difficult to
work with this class of distributions. The main difficulty here
is the lack of explicit expressions for the distribution
densities. Therefore, to calculate the densities, one must
resort to numerical methods, in particular, to the Monte Carlo
method, which increases the calculation efforts and is not
always convenient. Nevertheless, methods for calculating
densities have been developed and tested, and this allows
them to be used to solve various problems. This paper
discusses the issue of the possibility of using fractional-stable
distributions to describe the distribution of gene expression
obtained with the use of the NGS technology.

2. Results of using Next-Generation Sequencing

An open database Gene  Expression  Omnibus
(http://www.ncbi.nlm.nih.gov/geo/) was used as a source of
experimental data on NGS. An open database was used as a
source of experimental data on NGS. Several experimental
series were selected from this database which were obtained
using NGS, the expression in which is given in units FPKM.
In particular, the experimental data were processed for human
tissues (series: GSE44875 and GSE50760), macaque tissues
(series GSE53690), mouse tissues (series: GSE53690 and
GSE53110) and drosophila ones (series: GSE54600 and
GSE41487). The processing results and processing technique
are given below. It was found that the experimental
distributions were fractionally stable in the range of values
1+1000 units. FPKM. Outside this range, a deviation of the
behavior of the experimental distribution from the density of
the fractionally stable law is observed.

The experimental data processing technique is as follows.
The entire range of expression change values was divided into
three non-overlapping intervals: R={x:E_ming<x<E_max},
R_1={x:x<E_min} and R_2={x:x>E_max}. It was visually
established that the range of values corresponding to the
domain R, empirical density has behavior characteristic of a
fractionally stable law. Therefore, to approximate the
empirical density inside the domain R the expression values
XeR were selected from the experimental data. The sample
obtained in this way was considered as a sample of
independent identically distributed random variables
X 1i,...,.X_n. Next, on the basis of the sample obtained
X i,i=1,...,n the parameters of the fractionally stable
distribution are estimated and the hypothesisH_0 is put
forward. To estimate the parameters of fractional-stable
distributions statistically, we used the minimum distance
method described in the work [18]. To test this the
hypothesis, Fisher’s goodness-of-fit test 2 was used.

The results of approximation of the experimental gene
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expression densities within the domain R for human, mouse,
macaque, and drosophila tissues are shown in Fig. 1. For the
processed experimental data, it was found that the
boundaries of the domain R are determined by the values
E_min=1,E_maxs1000. It is clearly seen from the figures
presented that fractionally stable densities describe well the
experimental distributions in this domain. Fisher’s test y\2
also confirms this conclusion. For the data shown in the
figures, this criterion does not reject the hypothesis H_0 at
the level of significance 1%. More complete results of the
parameter estimation and verification of the hypothesis H_0
are given in table 5 (see Appendix 5). The column H_0
contains the results of Fisher’s test "2 (0 — the test rejects
the hypothesis H_0, 1 — the test does not reject the

hypothesis H_0). From the table it becomes clear that
practically for all processed data the hypothesis H_0 is not
rejected. Knowing the boundaries of the domain R one can
calculate the probability that is contained inside:
p=P{E_min<X<E_max}=(1/N)Y._(i=1)"N:i: I(E_mingX_i
<E_max), where I(A) is the event indicator A, N is the total
number of values contained in the original sample.
Probability values p are also given in table 5. It is clear that
from 36% to 56% of values in the initial experimental data
have a fractionally stable law of distribution. As we can see
from the table the characteristic indicators of the fractionally
stable law a and B, for all studied samples vary within
0.91<0<1.24, 0.17<p<0.75.
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Figure 1: Probability density distribution of gene expression for human tissues (Homo Sapiens), mouse tissues (Mus
Musculus), macaque tissues (Macaca Mulatta), drosophila tissues (Drosophila melanogaster). Experimental data points, the
solid curve is the fractional-stable density for the estimated parameter values o.,,0)" Parameter values are given in Figures

Let us now consider the behavior of the experimental density
in the domains x¢R. In Fig. 2 the distribution of the
probability density in the entire range of expression values
is shown. It is clear from this figure that at xeR_2 the
deviation of the empirical density from the theoretical
relationship is slight. Indeed, in the domain R_2 the
experimental density has a power law x"(-a-1) which is
described well by a fractional-stable law extended into this
domain. However, the attempts to verify the hypothesis H_0

for the domains R+R_2 lead to the necessity to reject this the
hypothesis. The reason for this lies in the fluctuations of the
empirical and theoretical (since the theoretical density was
calculated by the Monte Carlo method) densities, caused by
the statistical error of the results. The increase in statistical
errors in R_2 is caused by a small volume of data contained
in it. In fact, in table 5 the probability is given
p_2=P{XeR_2}. As we can see, no more than 2% of data are
contained in this area of values. Therefore, an increase in
fluctuations leads to an increase in the value of the calculated
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Fisher’s statistics y*2 which can lead to a false-negative
result of testing the hypothesis H_0. Therefore, without loss
of generality, it can be asserted that in the domain R_2 the
experimental data also obey a fractionally stable law, but
only in the case of their power-law relationship.
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Figure 2: The distribution of the probability density of the
expression of genes obtained by using NGS over the entire
range of their values. Points are experimental data for
human tissue (series of experiments GSE50760), the solid
curve is the density of the fractionally stable law for the
indicated values of the parameters in the domain R (dashed
curves show the boundaries of this domain E_min and
E_max), the dotted curve is the fractional-stable density for
the same parameter values and x¢R

In the domain R_1 the empirical distribution density has a
completely different behavior than the fractional-stable law
(see Fig. 2). One of the possible reasons for this behavior
may be the appearance of an additional component in the
distribution of experimental data. This means that in this
domain one part of the data has a fractionally stable
distribution, the other part of the data is distributed
according to some unknown distribution law f(x;®), where
@ is the vector of parameters of this law. Such models are
well known and are called shift-scale mixtures of
distributions. In the general case, such shift-scale mixtures
have the form

F(x) = ZiL1 wifi((x — 1)/ 455 ®)), )

where w_j - weight coefficients (w_1+w_2+.--+w_M=1),
f_j (x;®_j) - components of this mixture of distributions, M
- the number of components of the mixture, @ _j - the
parameters of the jth component of the mixture, p_j,A_j - the

parameter of the shift and scale of the jth component of the
mixture.

Based on this, we can conclude that in the domain
R_1+R_2+R experimental data on gene expression obtained
with the use of NGS are quite likely to be described by a
shift-scale mixture with two components

F(x) =wiq(x;a,B,0,1) + wyf(x; @)

The first component q(x;0.,p,0,1) is a fractionally stable law
of distribution (3), the second component f(x;®) is a
distribution law unknown at present. At the same time, in the
domain R 1 the influence of the component f(x;®) is
dominant and in the domain R+R_2 the influence of this
component is negligible. This leads to the fact that in the
domain R+R_2 the data are described well through a
fractionally stable law.

3. Conclusion

The issue of the nature of the probabilistic distribution of gene
expression was considered in this work. Since the
experimental distributions have power-law asymptotics of the
form (1), then this made it possible to put forward an
assumption about the fractionally stable character of the
experimental distributions. It was possible to establish that
the distribution of gene expression has the form of a shift-
scale mixture of distributions, the general form of which is
determined by the formula (2). In this mixture one component
is determined by a fractionally stable law (3). It was possible
to determine the domains where each of the components
dominates. In particular, a fractionally stable distribution law
dominates in the domain R+R_2. The influence of other
components of the mixture in this domain is negligible. It can
be asserted that in this range of values, gene expression is
described by a fractionally stable law. This statement is
confirmed by the criterion of consent. This assertion is
confirmed by Fisher’s goodness-of-fit test 2 which does not
reject this assumption. In the domain R_1 the influence of the
remaining components of the mixture begins to affect, which
is expressed by the appearance of a "hump™ in the
experimental distribution (see Fig. 2). At present, we could
not determine the type of these components. However,
considering that in the domain R+R_2 the influence of these
components is negligible; it can be asserted that these
components rapidly decrease with an increase of x.

It is possible to make some assumptions about the origin of
the component f(x;®). One of the possible reasons for its
appearance may be errors in alignment to the base gene. In
this case, when aligning readings to the base gene, the
nucleotide sequence may be prematurely terminated, an
excessively long sequence may be assembled, or a sequence
may be assembled that does not match any of the base genes.
All this leads to an erroneous determination of the gene, and,
consequently, to an erroneous determination of the amount of
gene expression. This the hypothesis is supported by the fact
that the component f(x;®) has a rapidly decreasing "tail" of
the distribution. As it is known, all data associated with errors
of various kinds have this property. This the hypothesis also
suggests one of the possible ways to apply the results
obtained. Indeed, since with expressions <1 FPKM errors
begin to play a significant role, then for further data
processing it is necessary to select only genes with
expressions >1 FPKM. Another area of application of the
results obtained is the development of methods for
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normalizing experimental data taking account of the
fractionally stable nature of distributions. However, all of
the foregoing requires further studies in this direction and
verification of the assumptions made.

Appendix

4. Fractionally stable laws and estimates of their
parameters

Fractionally stable distributions are limiting distributions of
sums of independent identically distributed random
variables. This class of distributions was first introduced in
the work [19]. It received its name in the work [16]. The
density of a fractionally stable distribution is described by
the Melin transform of two stable densities

q(x; 2, ,60,1) =

[ gGyP% 0,0, )9 (y; B, L)y /% dy. 3)

Here g(x;0,0,A) and g(y;B,1,1) are the densities of a stable
and one-sided stable law [20] described by a characteristic
function

g(k; a,0,1) = exp{—A|k|%exp{—iab (r/2)sign(k)}}.

(4)

Characteristic indicators vary within 0<a<2 and 0<p<1. As
one can see, fractional stable distributions are a four-
parameter class of distributions fully described by their
parameters. The first two parameters are characteristic
parameters and vary within the range a.€(0,2] and B€(0,1], 6
this is the parameter of asymmetry (|6|<min(1,2/0-1)) and A
this is the parameter of scale A>0. From the definition (3) it
follows that this class of distributions has power asymptotics
q(x;a,pB,0,A)oxx(-a-1),x—o0. From the expression (3) it also
follows that at P=1 the class of fractionally stable
distributions becomes the class of stable laws. Indeed, if f=1
and 0=1, then the strict-stable density g(y,1,1,1) is a singular
distribution in the point y=1. In view of this property from (3)
we get | 0% g(xy"(B/0);0,0,0)3(y-1)y"(B/ar) dy=g(x; 00,1,
where d(y-1) is the Dirac function. If we assume
0=2,$=1,0=0, then we obtain a normal distribution. Thus, the
class of fractionally stable laws contains the class of stable
laws as a subclass at f=1.

5. Results of testing the hypothesis H_0O for next-
generation sequencing data

Table 1: The results of approximation of gene expression obtained with the use of next-generation sequencing, by fractional-
stable distributions and testing the hypothesis HO by using Fisher’s test 2. The results were given according to the series of
experiments: GSE50760 (human), GSE53110 (mouse), GSE53690 (macaque), GSE54600 (drosophila)

Organism Channel name
Human AMC_2.2_ FPKM 1.01
AMC_3.2_ FPKM 0.98
AMC_5.2_FPKM 1.00
AMC_6.2_FPKM 0.99
AMC_7.2_FPKM 0.98
AMC_8.2_FPKM 0.97
AMC_9.2_FPKM 0.98
AMC_10.2_FPKM 1.00

AMC_12.2 FPKM 0.99
AMC_13.2_FPKM 0.95
AMC_17.2_FPKM 1.01
AMC_18.2_FPKM 0.96
AMC_19.2_FPKM 0.99
AMC_20.2_FPKM 0.99
AMC_21.2_FPKM 0.99

Mouse CTEC 1.20
mTEC 0.91

immature_mTEC 1.16
mature_mTECE 1.06
Aire_neg_mTEC 1.05

Aire_pos_ mTEC 0.94
Aire_knockout mTEC 1.05

Macaque s 11 7 130430 1.10
_1_1_9_130430 1.08

s 2.1 20 130607 0.97

s 1 1 12 130430 1.07

Ho p p2
051 030 6.72 1 0.543 0.002
0.46 0.30 6.91 1 0.536 0.003
050 0.30 6.67 1 0.540 0.002
040 035 6.52 0 0.541 0.002
050 030 6.82 1 0.545 0.002
040 031 7.33 0 0.540 0.003
050 0.30 6.87 1 0.545 0.002
045 031 6.98 1 0.542 0.003
044 030 7.25 1 0.546 0.003
0.39 030 742 1 0.537 0.003
036 0.34 7.89 1 0.567 0.003
0.39 030 7.43 0 0.539 0.003
054 031 7.21 0 0.555 0.002
049 030 7.25 1 0.546 0.003
0.38 030 7.35 1 0.544 0.003
054 0.15 12.00 1 0.440 0.001
0.23 065 7.70 0 0.515 0.001
0.38 0.30 10.02 1 0.515 0.001
0.17 045 9.53 1 0.470 0.001
0.35 0.32 9.62 1 0.508 0.001
0.21 0.60 8.61 0 0.500 0.001
0.37 032 9.79 1 0.462 0.001
0.38 0.28 17.85 1 0.554 0.005
050 0.26 17.21 1 0.548 0.005
057 0.40 16.32 1 0.599 0.005
0.66 0.27 16.58 0 0.556 0.006
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s 11 22 130607 1.10
s 2 1 25 130607 1.11
s 1 1 11 130430 1.13
s 1 1 10 130430 1.13
s 1 1 16 130430 111
s 1 1 18 130430 1.19
s 1 1 15 130430 1.16
s 1 1 19 130430 1.12
s 115 130430 1.14
Drosophi
la D_Yki_1 1.04
D_Yki_2 1.00
D _Yki_3 1.10
M_Yki_1 1.07
M_Yki_2 0.93
M_Yki_3 1.10
M_Yki T 1 1.15
M_Yki T 2 1.08
M_Yki_T_3 1.13
Tr_Yki_13 1.22
Tr_Yki_23 1.14
Tr_Yki_33 1.24

061 030 1727 0 0557 0.005
049 028 1731 1  0.558 0.006
052 029 1776 1 0559 0.005
059 025 1770 1  0.555 0.006
063 025 1819 1 0554 0.005
051 023 1910 1 0550 0.005
063 019 1931 1 0535 0.004
036 030 1884 1 0552 0.006
046 021 2034 1 0541 0.005
046 027 1868 1 0415 0.010
037 039 1838 1 0369 0.011
059 020 219 1 0374 0.012
041 030 2011 1 0364 0.011
047 030 1627 0 0361 0.011
060 026 2180 1 0407 0.011
048 020 2260 1 0.398 0.008
048 028 2472 0 0383 0.012
056 020 2221 1 0510 0.008
069 015 2300 1 0512 0.008
074 015 2261 1 0509 0.008
075 011 2554 1 0431 0.008
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