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Abstract

A nonlocal boundary value problem for an elliptic equation is considered. The corresponding difference problem is constructed
and the error of the approximate solution is estimated with a higher order of accuracy.

Many applied problems in mechanics and physics [1], [2], [3]. [4]. [5] lead to nonlocal boundary value problems for
partial differential equations. In this paper, we study a nonlocal boundary value problem for a quasilinear equation. The method
of finite differences was applied to the numerical solution of the problem posed, and the error of the approximate solution of
the nonlocal problem was estimated.

1.INTRODUCTION
LetQ={o<x<a, 0<y<bh}. Denote by "={0<x<a, y=b},
I’ ={x=0,0<y<b}, *={0<x<a, y=0}, I'={x=a, 0<y<b},

4
I'={x=1,0<y<b,0<I<b} r={Jr', o=1"Ur*, Q=qUr.
i=1

Let's pretend that f (X, Y,Z, p,q) is a given continuous function determined (X, y) € Q and for all
Z, P,Q . We’ll assume that the partial derivatives of fz’ ) f F,) ) fq' exists and satisfies
f'>0 @)
[T 11 [KM <oo )

Let L[u]=Au— f(X,y,u,u,,u ). Assume that @, i are the given continuous functions of their

domain definitions.
We need to find a function u(x, y) continuous in ¢y ,twice continuously differentiable in () satisfying

the equation

L[u]=0 3)
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and the boundary conditions

u, =9, (4)
I[u]l=u(l,y)-a(y)u(a,y)=w(y), 0<y<hb, )
a(y)>1, 0<y<hb, (6)
I(l)[u]{f;—“w(y)a—“w(y)uJ ~1(y). 8(y)<0. ™

X oy B}

Let h =a/N,, h,=b/N,. We construct a grid area with lines X=X, Yy=Y;,
i=01..N,, j=01...N, and let X, <l <X, ;.
We introduce the denotation
Q, ={(xi,yj): i=12,..,N, -1 j=12,...,N, -1},
I={(x,b):i=12..,NJ} I' ={(0,y,): j=12,...,N, -1},
P ={(x0:i=12..,N} I ={(a,y;): j=12,...,N, -1},
4 - —
o, =L UTY, T, =1}, Q,=0,UT,.
i=1

We approximate the operators L and | difference operators L, |, defined as follows:
Lolug]= A [uy 1= £O6, 50Uy, Dhﬁ’( [u;], th§ [u; 1), 8

Xt — I

hl

I, [uy j]sl_—xkukﬂ. + U, —aUy. i, 9)
i hl j PN
where
- Uy, = ui+lj _Zhuzij +ui—lj
1

Ah[uij] =U; +U

Upyj — Uiy
. D, [uy] ==L

10
7 (10)

U — 2U; +U;
uVy = h2
2

D [U] _ uij+l B uij—l
h2}9 I 2h2
We formulate a difference problem corresponding to the stated problem to find a function U that is defined in

ﬁh such that

LU;1=0in Q,, (11)
Ih[UNlj]:’//j in l—}f, (12)
U; =9, in oy, (13)
U, -U,. LUgia—Uyg, U, -U,._ _
Ir(ll)[UOj]: 1j - 0j + 0] 1h 0] +B; %"'Q‘Um =y, in I7, (14)
1 2 7
where
4| B —| 0.
ﬂfzwzo, IB;:MSO-

We’ll assume that the domain ﬁh is connected and the satisfies inequality
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Mh < 20, (15)
where h =max{h,,h,}, 0<& <1 -asome fixed number.
Due to the standard scheme the following lemma is proved.

Lemma 1. Let V # constbe a function defined in €, , and satisfying A,[V]1>0 (A,[V]1<0).ThenV
it may take the greatest positive (least negative) value only at the nodal points of the o,.

Let U be an approximate solution of the problem (11) — (14).

Theorem 1. Let the current solution U of (3) — (7) has limited third derivatives in €2 and second derivatives are

continuous in Q . Then the error &j = U —Uij of the approximate solution satisfies the equation
g =0(h).
Below we show that by imposing additional conditions on the function £(Y),8(Y) the order of accuracy

with in h? can be improved.

As can be seen from the above, it is sufficient to increase the order of approximation of the operator Iél)

Assume, that h, =wh? (0<w<1) and B(y),5(y) satisfy one of the following conditions

1BY) <w, (16)
1B(Y)| 2w, 6(y) <0, (17)
1B(Y)|<-w, 5'(y)=0. (18)
Consider the operators
U, -U,. U, ..U,
I(l) 1= 1j 0j + B 0j+1 0]—1+5.U Ny 19
1h [LJOJ] hl ﬂ] 2h2 J-0j ( )
U, -U,. U,...U,.
15U, 1= “h Ly B ‘“: L5y, (20)
1 2
U, -U,. Uy, U,
11U, 1=—" Lt g - UL L5 U, 21)
1 2
Let
6pu0j| |apu0,.|

‘ - <M P, (p=1).
(0.1) 0.1)

Taking into account (3), (7), (19) and applying the Taylor formula is easy to see that
LUy = (190) g | <c®hZ, (22)

oxP ‘

where

~ h Uy, —2U,. +U,:, h
(1) ~ 1D 1 0j+1 0j 0j-1 1
Ly Uo; =1 Uy + 2 h2 5 f{O'yj’uoj’Dhlx[uoj]’thy[qu]}1
)

ui+lj—uij

u. . —U.
, D u.l= M’
hl hzy[ u] h2

{2(\,\,2 +W1+2ﬁ)+ hM ®, w’; MO }

Dhlx[uij] =

C® = max
J
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Indeed, from (19) we have:

h, 82
12Uy =(1Pu) , + 2 +RY,
2 a _
0.)
R _ h? o%u e hZ | o%u N o%u 5
i TR AR 3 3 i
6 ox (&) 12 oy (0.7M) oy (0.74%)

From (3) we have:
_ u0j+1 - 2u0j + UoH
2
h,

o
Ox?

+ f(olyjinjIDhlx[qu]th ;[uoj])_
(©.3) ‘

_hy| o
6| oy’

+f,(0,y;,Up;, P;,0;)

2

8 u , o°u
]+fp(0,yj,uoj,pj,ql)—2

L
(2)’-) 2

8X (50 ]

(0.7 8y (0.7§*)

h2
(0.19) 12°

o%u

o%u
- +
) oy’

oy®

Taking into account this Il‘;)uij , We get:
ﬁuom _2u0j Ui 4
2 h?

1ug; = (1) g 5

h ., S
+Elf (0.¥:Up; s Dy [Ug; 1.5, §[u01])+ R},

where

~ 2 33 3

RO - h’ o’u +h o’u 6u B - hh o’u 6_1; N
6 GX 0 12 ay ( (1)) ay ( (2)) ay ( (3)) 6y (0,775‘”)

h ., o%u h.h2 83 o%u
+Tlfp(0,yj,u0j1pj,qj)a_2 + ;4 (0 yJ’ 0j p q) +F .
X l(g5) (0 ) Y o)

Hence we find that

Ergl)UOj =(1%u) ) + R,

consequently,

10U, = (1Pu) g | <|RE|.
And this implies (36).
Now we prove that

50, = (19U) g 5 <CPRZ, (23)

where

T ﬁ'hz B h1 J 5

|2E11)u0 = I(l)uo —_ Dhlhzx [us;1+—=-(B;h, - hl)Dh2 [Ug; 1+ ——=-(B;h, —h)uy,; -

i J Zﬂj y J ﬂj J y J Zﬂj J J
oy R 109,00, D, 1,10, ),
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co _ maxﬂﬁi +W N (B; —w)1-w) N hM }Mim +[‘5J +ﬂ;‘(ﬁi —W) +W2M ]M (_2)}’
) 6 48, 12 45, 4 |

Dy [Uo; 1= Dy Dy [ 1}
Suppose that S(Y) # 0. Then from (7) we have:

o’u(0u) _ 1 2°u(0y) 5(y)u(0 v)- o(y)+B; au(0,y) 7(y) -
o Bly) oy BLY) Ay) & Ay
Obviously
h 8 u h U
Ié?u = (U)o + + 2B — +RJ‘.2)
20 op 2 ©.7)
where
R(_z):h_f@ gl hzau
o6 @y 8 ay* (. <1>>
From (3) we get:
o%u o%u oul  ou
x| "o Ot oy
©.1) Y o) ©.3) y(OJ)
Then
o%u h oul  au
157U, _(I(l)u)(o )+ (ﬂ h, —h)— +_1f{0’y Uoj +R{?.
j J ayZ o) 2 j K aX o0 ay 00 J

Taking into account (24)

19y, = (19u), h, - 1
nloj = (MW +5 (,3 hl)l: 5
au

+%f(0,yj, oj o
ox ©.1) 8y

5+ h aul 5 Tian
] SE (B, ) (B, hl>u0j+2ﬁj(ﬂ,-hz h)+

8y (0,)) 2'8
h1 ou ou ) ® ﬂj h2 - hl
+2f{0,y.,uU,,,— y— +R¥ =(1"%),, ., ————=D U
2 yJ 0j OX o) 8y i ( )(0,1) hyh, y[ OJ]

J; _5J-+,Blf ou

——Luy, > 2y
on B B; Yie, B

u
xay

oxoy

1
+R® = (I(l)u)(o P (Bih, -
J i y 28, i

0.1) (0.J)

23

0.0

5+ﬂ

o' !
J (ﬁh hl)thy[UOj]_z_ﬂj_(ﬁjhz_hl)UOj+27_ﬂj_(ﬂjhz_h1)+

j

h
2 f(O y.u OJ'Dhlx[UOJ] thy[UOJ])+R(2)

where
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ﬁJgZ):RJ(z)_ﬂjhz_h{ ou o }_

h
1 2
4B, |ox*oy ~  oxoy?
6+ P o%u h2 o%u
4 J(ﬁh ) 82 1f(oyJ!O]pJq)a +
d Y o) Xl
hh2 ou o%u
f,00,y,,Up;, 0,0, == +— :
24 T o) Y )
Then
\l By, —(I3u)(0’j)‘£‘R}2)‘.
This implies (23).
Finally, we prove that
10U, = (1u) o | < CORZ, (25)
where
2 /)
co [ A e pwet) M (e ploep] e
6 2 12 4 4
oy —gmy Al % (g h +h D, i h, +h
an Upj = 3hu0j_2—ﬂj hlhzxg[uoj']_ﬂ_j(ﬂj , +hy) [Uoj] ﬂj (,B + )Uo] +

Y| h
+j(ﬂjh2 _h1)+?1 f(O’yj1u0j’Dhlx[UOj]!thy[UOj])1

j

Dhlhzxy [UOj] = Dhlx {Dh2§[uoj' ]}

Indeed,
h, +h,5. 52
1uy; =(1Pu) g, — —Zﬂ‘a—l: _hg O,y,-,uoj,a—u 8_u +R,
2 oy o0 2 OX|g,j) OY ©.0
2 A3 2 A3
R§3) :h_la_g +ﬂ1 " o4
6 X ("0 6 ay o “’)

Taking into account (24)
I(l)UO] —(|(1)u)(0 : h,+h,B; 6%u +h1+h218j 5—;Uo,— +h1+h2ﬁj 5;+p; au
2B, oxdy 2 B 2 B; oy
ou

h +h,B; ¥
_1—2ﬂ17_1_ﬂf(0, j,uoj,g—u v +RY,
Xl Yo,

h,+h,z. h,+h,5.)(5. '
|(l)uOJ _(I(l)u)(O]) P thxy[ 0j]+( ,+h,8,)(0; + ")
2ﬂi 2181'
(h, +h, ;)] (h,+h,B8,)r; h ~
’ Zﬂjj "o, ~ Z,BjJ | _Elf(0’yJ"UOJ”Dhlx[uol‘]’thy[uoj'])*Rfs)’

0.9

D, ;[Uo; 1+

where
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~ h +h, 2.
R®=R® 4= 2 —h, + 0 u2 h, |+
23, ox“oy oxoy
L (0 f5)(55 + B7) 2 0%u K o%u
1 | LSRRI I i
IBJ' 6y |0 <2) 4 ox’ (5(2)’1-)
hlh2 o°u o%u
- fe(0,Y;. U, ;.0 —5 . :
24 T ) Ol
Consequently,

O] @ S (3)
L0uq; = (19u) | <R,

Which was required to prove.

We now state the difference problem corresponding to the problem (3) - (7).

It is required to find a discrete function Uék) (k =1,2,3) determined in Qh satisfying the properties

(11) - (13), and one of the following conditions
|kg1>u0, =7, (i=LN,-1, k=129)

(26)

respectively, when one of the conditions (16), (17) and (18) is satisfied. The solution of the difference scheme
(11) - (13), with one of the conditions (26) will be taken as an approximate solution of the problem (3) - (7) at the

points S_lh .

Consider the following linear difference operators:

Eh[Uij]i
A(r:()[uij] = Ih[U Nlj]’
Uy, 1, (k=123),

where

Eh[Uij]EAh[Uij]-i_gijD ;[Uij]+77ith ;[Uij]_:uiju

h Ugj —2Ug; +Uy,
T U B
2
h,
Y é:Othlx[UOj] 7,0 o[uoj]_/leUOj ,
W Bih, -
|2h[UOJ]—|(1)[UOJ] 2—181 Doy Yo 1+

S
L h, —h, Dy, [Uy; ’ h, —
+ﬁj(ﬂJ )Dy, [ ]+ﬁ('B h U,

h
_El[§0thlx[UOj] 774,001 _/quUOjl

ij?
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p:h,—h
#jl Dhlhzxy[UOj]_

0, o
_ﬂ_J(,thz +h1)Dh2y[U0j]+j(ﬂjh2 +h1)U0j +

i i

T
I 3n [Uoj] I(l)[UOJ]_

h
+?l[950th1x[Uo,] +7,p [Uoj]_lquUOj]

We assume that if (16) is satisfied, then
Mh, < 2(1—sup|B(x))) . (27)
and if the (17), (18) are satisfied, then
Mh, <1, (28)

where

M +sup[|ﬂ| 1B’ +5|J
M = max M A
1+(sup|g)* "  inf|B|+(sup|B)™ '

Lemma 2. Let V #const be a function defined in f_lh, that satisfies the inequality
A(:f)[\/ij] >0 (A(,T)D/ij] <0) k=1,2,3. Then V may take the greatest positive (least negative) value only at

the points o, .

Proof. It’s obvious that
o @) @) @) )
Ilh[UIJ] AU+ AU + AU G0 — AU,

7@

(2) (2) (2) (2)
l2n[Uy 1= ATU + ATU L + AU — AU,
o ®) (3) 3) ®)
|3h[Uu] AljU1j+ jUOj—1+ jUOj—l_AOjUOj’
where

h 1 & h 1(, h
W :h_§+E_§j +?J+Elﬂj’ AY :E( —Efjj’

1 (h h, 1(h h,
O_ = |2_g 1, W_ =118 41y
j 2m[m A 2"} j 2h(h+m+2nJ

(2) _ l i _ _/thz_ j _
"_ﬁ‘(hfhz] O 2pnn g T
h  h
ﬁ, L (Bh, - )—?—En oy
Ai('Z) IB _ﬂjz hl_g_ (g):ﬂjhz_h1
: hl 2:thzh1 2 : Zﬂthhl ,
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@ _Fi Bl (b, —h) -y
" h,  2B,hh 2:8 : 2h, "’

(3)21_&_5 _ﬂth_ 1+5j(ﬂjh2+h1)+

: h1 hz : Zﬂj h1h2 hzﬁj
J; & h h
+—(Bh,+h)+2-—Ln +2u,
2p, "t Y 2 2n, 27
Al(g):i_ﬂjhz_hl_'_é
" h, 2phh, 27
_ h, —
TR .
h,  2p;hh, zﬁ
(?_,):ﬁth_hl
b 2B,

All these coefficients are positive and satisfy the following conditions:
h,
(1) 1 _aAM _ (1) _
Ay A 0+ > u; =0,
(2) A1(2) (2) (2) =-S5 _ﬁ J (,B h ) 0,
i i 2 Hi— ﬂ

(3) Al(3) (3) (3) -5, +5_IBJ(ﬂh +h)+ /u]>0

j
Taking into account these properties of the coefficients, applying Lemma 1 we obtain Lemma 2.
Corollary. Lemma 2 implies that the solution of (11) - (13) (26) is unique.

Theorem 2. Let U the exact solution of the problem (3) - (7) limited the fourth derivatives and continued in the
third derivative Q. Then the error &j = U —Uij , Where Uij - the approximate solution of (11)-(13), (26), the

estimate & = O(h?).

Proof. With the help of Taylor's formula for the error &jj = ujj —Ujj we have:
L[&,]=0(n") inQ,,
l,[ey, 1=0(h*) in T,

29
& =0 in oy, *9)

T .

Lin [0, ] =0(h?), k=123 in T?.
As in the proof of Theorem 1, we represent the solution of the system (29) of the form
1 2

&j =& &,

where
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L[£]1=0(h*) in Q,,
£y, =0 in T,
30
& =0 in o, (30)
lalel]=0(h?), k=123 in T2,
Lle1=0 in Q,,
l,[e? nil=—1,[e} 1+0(h?) in T}, o
8;‘:0 in o,
(1)

|kh[8§j]=0, k=123 in T?.

An estimate of Max SH < C7h2 for the solutions system of (30) is obtained on the basis of Lemma 2,
Qn

by the majorant function
g y) = (e —e),
and the parameters k and v, are selected as follows:
K= ,Vy, 1ty = min{ao, M,BO},
sup|3| if |8 <1,

a’=11-0
— if >1,
AN
5 sup|A| if |8 <1,
1-6 it |g>1
2M 256-5

Vv, = ——arcth) —— |,
o 2

5 1-sup|g| if |B]<L,
e it [g>1.

An estimate of Max
Qn

85‘ < C8h2 for the solutions of the system (31).

Theorem 2 is proved.
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