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Abstract

In this paper, we introduce the concept of sum degree divided by diameter matrix %(F) of the graph T and obtain the characteristic

polynomial and energy. We also find some bounds, spectra and energy of different class of graphs. In [5],[6] the concept of product degree
divided by diameter energy of graphs and is introduced.
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1 Introduction

Let T be a finite and undirected simple graph on n vertices named by v,,v,,...,v,. The adjacency matrix A(T") of the graph
[ is a square matrix of order n, whose (i,j) -entry is equal to 1 if the vertices v; and v; are adjacent and is equal to 0
otherwise. The characteristic polynomial of the adjacency matrix, i.e., det(xlp — A(T")) , where | is the unit matrix of order
n, is said to be the characteristic polynomial of the graph I' and will be denoted by ¢ (T, x) .The eigenvalue of a graph T is
defined as the eigenvalues of its adjacency matrix A(T) , and so they are just the roots of the equation ¢(T,x) = 0 since
A(T) is a real symmetric matrix, so its eigenvalues are all real. Denoting them by Wy, Y5, ..., Y, and as a whole, they are
called the spectrum of T. Spectral properties of graphs, including properties of the characteristic polynomial, have been
extensively studied, for details, we refer to [2]. In the 1970s, I. Gutman in [3] introduced the concept of the energy of T .

2 Sum degree divided by diameter matrix and its energy
Let I' = (V,E) be a connected simple graph with |V| = p vertices and |E| = q edges and let d; denote the degree of the
vertex v;, fori = 1,2,..... ,p. For vertices v;,v; € V(I), the distance d(v;,v;) is defined as the length of a shortest path

between v; and v; in T' [1]. The eccentricity of a vertex is the maximum distance from it to any other vertex, g =
maxy, evnd(vi, vj).
The diameter of a graph diam(T") is the maximum eccentricity of any vertex in the graph, or the greatest distance

between any pair of vertices.
Let d;, d; be the degrees of the vertices v;, v; respectively for all i,j = 1,2,3,...,p then the sum degree by diameter

matrix of the graph is defined as,

diam(T")

dj+d;

b = { —Lif there is a path between v; and v;

j — .
0 otherwise

The sum degree divided by diameter matrix is a symmetric matrix with eigen values as y; = Y, = P53 =>........... =

Wp-
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The characteristic polynomial of % (T) is given by det |qJI — % @™ |
The Sum degree divided by diameter energy of the graph T is defined as sum of absolute values of y5;,i = 1,2,......

E [ O] = X2 10l
3 Properties of Sum Degree divided by diameter energy

Theorem 3.1 If eigen values of df%(l‘) are ¢f >¢3 > >y, then
1. ¥P, ¢ =0 and

p 2 _ p di+d]' 2 _
2. Y Ui = 2%, (diam(F)) =20

— P di+dj \?
where © =3, (diam(F)) :
Proof. (1) Since the diagonal entries are zero the sum of leading diagonal entries of % (") is zero .
Hence YP_, y; = 0.

SD . SD 2
(2) The sum of squares of latent roots of pro— (") is the sum of latent roots of [M (F)] ,
=1 1]’12 = ip=1 2}11 Ujj Uji

=0+ 2 Xiq (uy)?

_ p di+d]’ 2
=2, (diam(l"))
=20,

Theorem 3.2 If ¢y, c; and c, are the first three coefficients of characteristic polynomial of %(F) matrix, then

1. Cop = 1,
2. ¢; =0 and
3. CZ = —CI) .

Proof. (i)By definition, I'(Y, x) = det[YI — P].
Therefore ¢, = 1.

(ii) ¢; = (-1 x trace(I) = —1x0 = 0.
.. |us uijl
(i) By definition c; = ¥1<icj<p ™

uii' = lei<jsp (aiiujj - uijuji)

— 2 _ —
= Yasicjsp Wiiljj — Lisi<jsp 3jj =0 — P = -0 .

We have the following bounds for % (I") using McClelland’s inequalities .

Theorem 3.3 Let T' be a graph with p vertices, then the upper bound for %(F) is

E [disall)m (F)] = \/Zp_q)

- Journal of Pharmaceutical Negative Results | Volume 14 | Regular Issue 02 | 2023 @




Proof. Let y; = Y, = -+ > s, be the eigen values of df% (), then by Using Cauchy-Schwarz inequality we have,
[Zipzl uiVi] [Z =1 uz][zf) 1 Vi ]
Choose u; = 1,v; = |{;] and by Theorem 3.1

[Z2, 171] < [0, 1][E2, Wi =pEl, uf

[(dlam) E(F)] = pZCD

Hence

E [disal\)m (F)] = \/Zp—(l)

We present the following lower bounds for E [ (F)]

Theorem 3.4 Let G be a graph with p vertices. If T = |det% (F)| of T, then the lower bound is

[dlam (F)] \[Zcb +p(p— 1)tlD

Proof. By definition we have,

[E(2 )] = [22, will” = [Z2, 1will[Z2, 1]

= Z?:1 ;] + Yixj 1WillW.

From the inequality of arthimetic and geometric means

——— T Wil W] = [TTis IllJIIIlIJ,I]"(p v,

p(p 1)
Therefore
2 _t
[E(G=m)| = 28, Wil? + p( = D[y 1053118517
> 32, Wil + p(p — DI, 1270,
=X [Wil* +p(p = DI, WilP
=20+ p(p— 1)r%.
Hence

[dlam (F))] \/Z(D + p(p - 1)TP
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Theorem 3.5 Let r; and s;, 1 <i < p be positive real numbers with M; = max; <j<p(r;), M, = max;<i<p(s;), m; =
min, <j<p (1;), My = min; i<y (s;) then by theorem 90 of [4]

2
p 2 \P 2 1] MM, mpm; n 2
L N A

Theorem 3.6 For a graph I' with p vertices let [{;| and [y,| are the maximum and minimum eigen values among

all [;]’s of %(F) respectively, then we have

T )] > Y8PPW[[¥nl

[dlam W1l +[p]

Proof. Consider a graph I' with p vertices let [{;| and [y,| are the maximum and minimum eigen values among all
, SD .
[Us;|'s of diE(l‘) respectively.
From theorem 3.5,

2
p 2 ©p 2 1 M;M, mimy p 2
I i SIS~ [——+ |[/— _. IS
i=1 "1 z:1—1 1 4[ m;m, M1 M, [ i=1 71 l]

Let r; = 1,5 = |G|, M{M, = ||, mym, = [{,,| then
2
P .z<1[ /M Iwnl] P 172
= W= mel+ W1l [Zs 1]

20 <2 [(|w1|+|wp|) “
ol Wl diam ¢

[ (dlam( ))] %

From theorem 3.1

()] S VBPPIalTbpl

[dlam W1+

Theorem 3.7 Let r; and s;, 1 < i < n be non negative real numbers with M; = max;<j<,(1;), M, = max;<j<,(s;),
m; = min; <, (1;), M, = min, <<, (s;) then by theorem 3.1 of [8]

i=1 Ti Zl 1S - [Xik 11'51] <_(M M, —m;m;)%

Theorem 3.8 For a graph G with p vertices, we have

E [ (D] 2 JchD — (1l = 1)’

- Journal of Pharmaceutical Negative Results | Volume 14 | Regular Issue 02 | 2023 @




Proof. Consider a graph ' with p vertices let || and |,| are the maximum and minimum eigen values among all
, SD .
[y;]'s of M(F) respectively.
From theorem 3.7,

2 pz
ip=1 ri2 Z?:l 512 - [Z?:l riSi] < T(M1M2 - rrl1mz)2-

Let ry = 1' Si = |¢i|lM1M2 = |l-l'li|vm1m2 = N'lpli then
2 2 2
P12, W = [, 1] < B (il = 150)"

From theorem 3.1
SD

diam

)] < Z il - 1wal?

p2a — [E

E[>2- )] J2p¢ =2 (W] = 1)

diam

Theorem 3.9 Let r; and s;, 1 < i < p be positive real numbers, then by [3]

P2 risi — Xy i Xiny il < u(p)(A—a)(B—b)
where a, b, A and B are real constants, that for each i,1 <i<p,a<a; <A and b <b; < B. Further, pu(p) =

Pl (1 -2 1))

p

Theorem 3.10 For a graph T'" with p vertices, we have

E[ SD (1‘)] > J2p® —uE) (W] = W)

diam

Proof. Consider a graph ' with p vertices let || and || are the maximum and minimum eigen values among all
, SD .
[W;|'s of R(F) respectively.
From theorem 3.9,

InXi, risi — X, 1 Xie sil < u(p)(A—a)(B—b).

Letr; =s; = [{s],A=B = [yy|,a=b=|{,] then

X2y [Wil2 = [Z2, 1l]1 < w@) (Wl = 1) (101] = [Wp)).
From theorem 3.1

SD
diam

p2@ - [E ( (F))]2 | < u@(Wl = 1W,1)%

diam

- Journal of Pharmaceutical Negative Results | Volume 14 | Regular Issue 02 | 2023 @

B[] 2 JchD — @) (1l = 19,1)°.




4 Sum degree divided by diameter matrix and its energy for standard graphs

Theorem 4.1 Let K, be a complete graph with p vertices, then

E[22 (K,)| = 4(p? — 2p + D).

diam

Proof. The complete graph K, with n-vertices have their sum degree by diameter matrix as follows

0 2pb—-1) 2(p—-1) 2p—1)

2p—-1) O 2p—1) 2b—1)
2 (K,) = ?(p -1 ?(p -1 0 E 22(p - Dy

2p—-1) 2(p—-1 2p—1) O

Its characteristic polynomial is,
[ = @p* = 4p + DY - 2(p - D]* ™V =0.

(2p*—4p+2) 2(p—-1)
Spectra [% (Kp)] = (1 p—1 )

Therefore

E [ (Ky)| = 12p? = 4p + 2|1+ [2(p - DI(p — 1)

diam

= 4(p? — 2p + 1).

Theorem 4.2 Let K, be a star graph with p vertices, then

SD
E (Kl,p_l)] = (p—2) +/4p* — 64p> + 432.6808p? — 1337.4824p + 1551.0368.

diam

Proof. The star graph K; ,_; with p-vertices has it’s sum degree by diameter matrix as follows,

o0 P P P
2 2 2
P oo o1 1

2

SD p
diam K1p-1) = 2 1 0 . .
P 1 0

Its characteristic polynomial is
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[¢ — (=2p? + 16p — 30) + \/4p* — 64p3 + 432.6808p? — 1337.4824p + 1551.0368]

[W — (—2p? + 16p — 30) — \/4p* — 64p3 + 432.6808p2 — 1337.4824p + 1551.0368] [y — (—1)]P"2 =0

SD
Spectra [m (Kl,p—l)] =

(—2p? + 16p — 30) + /4p* — 64p3 + 432.6808p? — 1337.4824p + 1551.0368 1

(—2p? + 16p — 30) + /4p* — 64p3 + 432.6808p2 — 1337.4824p + 1551.0368 1 . Therefore
-1 p—2

diam

E |7 (Kypon)| =

|(—=2p? + 16p — 30) + /4p* — 64p? + 432.6808p? — 1337.4824p + 1551.0368|1 + | (—2p? + 16p — 30) —
J4p* — 64p?® + 432.6808p? — 1337.4824p + 1551.0368|1 + |1|(p — 2)

= (p — 2) +/4p* — 64p? + 432.6808p? — 1337.4824p + 1551.0368.

Theorem 4.3 Let K, , be a double star graph with p vertices, then

SD 0.6982p%+19.184p—17.2084
- (Kp p) = .
diam ’ 3

Proof. The double star graph K, , with p-vertices has it’s sum degree by diameter matrix as follows

70 p+1 p+1 p+1  2p p+1 p+14
3 3 3 3 3 3
p+1 0 2 2 p+1 2 2
3 3 3 3 3 3
p+1 2 0 2 p+1 2 2
3 3 3 3 3 3
2p p+1 p+1 0 p+1 p+1 p+1
SD K 13 3 3 3 3 3
dam Kpp) Sfpe1 20 20 2z g 2 2
3 3 3 3 3 3
p+1 2 2 2 p+1 0 2
3 3 3 3 3 3
p+1 2 2 2 p+1 2 0
3 3

Its characteristic polynomial is

[y — (—(0.3491p? + 6.5920p — 5.6042))][Y — (0.3491p? + 6.5920p — 5.6042)]
[ - GOl - 1% =0,

SD
Spectra [m (Kp_p)] =
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-2

—(0.3491p? + 6.5920p — 5.6042) (0.3491p? + 6.5920p — 5.6042) (‘72") =

3
1 1 1 (2p-3)

Therefore

[dlam ( b, p)]

| — (0.3491p? + 6.5920p — 5.6042)|1 + [(0.3491p? + 6.5920p — 5.6042)[1 + | 22| 1+ || (2p - 3)

_0.6982p2+19.184p—17.2084

3

Theorem 4.4 Let Sg,p > 3 be a crown graph with 2p vertices, then

Proof. The crown graph Sg with p-vertices has it’s sum degree by diameter matrix as follows
2(p-1)

diam

Its characteristic polynomial is

[dlam

> (s9) =

[0
2(p-1)

3

2(p-1)

3

2(p-1)

3
0

2(p-1)

2(p-1)

2(p-1)

3

2(p-1)

3
0

2(p-1)

3

3

(—2p+2)%]""

3

4p? — 6p + 2
ol

3

3

4p2—6p+2

S| =3 (2p? = 3p+ 1).

2(p—1)7
3

2(p-1)
3

2(p-1)
3

=0

(—2p+2)

SD
Spectra [ﬁ (sg)] =

Therefore

[dlam p

3

=2(2p*-3p+1)

Theorem 4.5 Let K., be a cocktail party graph with 2p vertices, then

3

2p—17F

4p“—6p+2 —-2p+2
0] = 122 (1) + | S22 2p - 1)
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sD
E [m (prz)] = 4(2p% —3p + 1).

Proof. The cocktail party graph K., with 2p-vertices has it’s sum degree by diameter matrix as follows

0 2p—1) 2(p—-1) .. 2(p-1)

2(p—1) © 20—-1) .. 2(p-1)
diS%(Knxz) = 2(p -1 2(p -1 0 Z(p -1) '

2p—-1) 2(p—-1) 2(p—-1) 0

Its characteristic polynomial is
[¥ = (4p* = 6p + D] — 2(n = DI = 0

s 4p?—6p+2 2(p-—1)
Spectra [M (prz)] = (1 2p—1 )

Therefore

SD
E [0 (K,)| = [4p? — 6p + 2|1+ 12(p — DI(2n — 1)
=4(2p?> - 3p + 1).

Theorem 4.6 Let F;, be a Friendship graph with p vertices, then

E [ S (Fp)] = 2(2p — 1) + /104p? — 216p + 196.

diam

Proof. The Friendship graph F, with 2p + 1 vertices has it’s sum degree by diameter matrix as follows

0 p+1 p+1 p+1

p+1 0 2 2
sD _|p+1 2 0 2
aiam (0 = | : : DR

p+1 2 2 0

Its characteristic polynomial is

- <(4p —2) ++/104p% — 216p + 196)]

[lIJ - ((4p —2) —+/104p2 — 216p + 196)] [+ (=2)]?*"1=0

Spectra [% (Fp)] =
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(4p —2) +/104p2 — 216p + 196 (4p — 2) — /104p% — 216p + 196 —2
1 1 2p—1

Therefore, E [d?% (Fp)] =
|(4p — 2) + /104p2 — 216p + 1961 + |(4p — 2) — /104p2 — 216p + 1961 + |-2|
(2p—-1)

=2(2p — 1) +/104p2 — 216p + 196.
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